CHARACTERIZATION OF DILATATIONS WHICH ARE EXPRESSIBLE AS A PRODUCT OF THREE TRANSVECTIONS OR THREE REFLECTIONS DRAGOMIR Ï. «OKOVIC1
ABSTRACT. Let y be a right vector space of dimension at least two over a division ring K. We characterize the dilatations in GL(V) which are expressible as a product of three transvections; these are precisely those dilatations whose ratio is a commutator.
Similarly, if char K ^ 2, a dilatation is a product of three reflections if and only if its ratio is a negative of a commutator.
The sufficiency of these conditions was established earlier by B. B. Phadke.
Introduction.
In [2 and 3] , B. B. Phadke showed that certain special dilatations in G\jn{K), where K is a division ring, can be expressed as products of three transvections or as products of three reflections. The main result of [2] , which is based on some lengthy computations, can be stated as follows. (In this theorem and the next one it is assumed that n > 2.) THEOREM 1. A dilatation in GLn(Ä"), whose ratio is a commutator, can be expressed as a product of three transvections.
A product of two transvections is never a dilatation.
The main result of [3] is the following THEOREM 2. Assume that char if ^ 2. A dilatation in GLn(K), whose ratio is the negative of a commutator, is a product of three reflections. A product of two reflections is never a dilatation.
Our main goal is to show that the converses of these theorems are valid. At the same time we offer new proofs of Theorems 1 and 2 which are simpler than those of Phadke. Note that according to these definitions the identity transformation 1 is neither a transvection nor a dilatation.
Statement
of the results and proofs.
The main results of this paper are contained in the following two theorems; they characterize the simple transformations which can be expressed as a product of three transvections or as a product of three reflections. In all statements involving reflections it should be understood that charK^2. We start with the following lemma which must be well known and whose proof is straightforward. As an immediate consequence we obtain the first assertion of the next lemma; the second assertion of that lemma is well known. LEMMA 2. A product of three reflections having the same fixed space or the same residual space is a reflection.
A product of three transvections having the same fixed space or the same residual space is either a transvection or the identity.
We shall also need the following lemmas. Note that the condition on [A] in Theorem A resp. Theorem B is satisfied if S is a transvection resp. a reflection.
Assume that the subspaces (a), (6), and (c) are not distinct. We claim that this implies that S is a transvection resp. a reflection. Without any loss of generality we may assume that (a) = (b). In that case we may further assume that a = b.
Then (1) If also (a) = (c) then, by Lemma 2, S is a transvection resp. reflection. Thus we may assume that (a) ^ (c). Since S is simple, it follows from (2A) and (2B) that f + g = Xh resp. / -g = Xh for some X G K. Since h(c) = 0 resp. h(c) = -2, it follows from (2A) resp. (2B) that S = 1 + (c + aX) ® h resp. S = 1 + (c -aX) ® h.
Since Xh(a) = (/ + g){a) = 0 resp. Xh(a) = (/ -g){a) = 0, we conclude that h(c + oA) = h(c) = 0 resp. h(c -aX) = h(c) = -2 and so S is a transvection resp.
reflection.
A similar argument shows that if the subspaces {/), (g), and (h) are not distinct then S must be a transvection resp. reflection. Hence from now on we may assume that the subspaces (a),{b),(c) are distinct as well as the subspaces (f),(g),(h).
Since S = ABC, it follows from Lemmas 3 and 4 that c G (a, b) and h G (f, g).
Since c ^ (a) and c ^ (6), we may assume that c -a + b. Let h = af + ßg, and observe that a and ß are nonzero. Let us put 7 = f(b) and ¿> = g{a). Since /(a) = g(b) = h(c) = 0 resp. /(a) = g(6) = h(c) = -2, we obtain (3A)
ai + ß6 = 0, resp.
(3B) a(2-i) + ß(2-6) = 2.
An easy computation gives
In this formula the upper signs correspond to the case of Theorem A and the lower signs to the case of Theorem B. We shall use the same convention in the sequel.
Since S is simple, (a) ^ (b), and (g) ^ (h), it follows that
for some a G K. By replacing h with af + ßg in this equation we obtain the system
From this system we obtain that In the case of Theorem A this becomes A = 1 + 6a + (1 + ¿)(cry + ßöa) = 1 + 00 + (1 + 6)a~f{l -a).
From equations (3A), (7) and (8) we find that 7 = 1 + a"1 +a~1ß, S = -l-ß~l -ß~1a and a = 1 + a~l. By replacing 7,6 and a with these expressions, we obtain the desired result A = ß~1aßa~1.
In the case of Theorem B we obtain A = 1 + ((¿S -l)af + (1 + (6 -l)ß)g)(acr + b) = 1 + {6 -l)a(7 -2ct) + (1 -ß + 6ß){6cr -2).
From (3B) and (8) we obtain that 07 = ßo. From this and (7) we get (9) 7 = q-1/3o, o = aTxß{ß-\).
If 6 = 1 then a = 0, and the expression for A gives A = -1, and so the condition of the theorem is satisfied. We may now assume that 6^1.
Then from (8) we have
By substituting the expressions for ß, 7, and a from (9) and (10) into the expression for A one obtains, after a short computation, the formula (11) X = -{6-l)a{6-l)-1a~1.
It remains to prove that the conditions of Theorems A and B are also sufficient. Since the arguments in both cases are essentially the same we shall treat only the case of reflections. We may assume that A ^ -1. By hypothesis we may choose a and 6 so that (11) holds. Define ß and 7 by the formulas (10) and (9) PROOF. This follows from the proof of Theorem B after defining the ratio of a transvection to be [1] . ■
